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Introduction Quantities Decisions

Asset price dynamics in "path space model”:

@ observationtime T =n

o timeset 1 ={0,1,2,...,n} (in units)

@ capital growth factor Y; = u; or d;, with 0 < di < € < u;
)

asset price attime t € I: t
Xo=%  X=x]]¥
i=1

random paths w = (X; : t € I)

canonical space of all possible sample paths 2
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Introduction Quantities Decisions Convergence

Asset price dynamics in "path space model”:

@ observationtime T =n

o timeset 1 ={0,1,2,...,n} (in units)

@ capital growth factor Y; = u; or d;, with 0 < di < € < u;
)

asset price attime t € I: t
Xo=%  X=x]]¥
i=1

random paths w = (X; : t € I)

canonical space of all possible sample paths 2

2-Period-Binomial-Model:

Xt(w1) = w1 (V) x?

1. path wyq:
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Introduction Quantities Decisions Convergence

Asset price dynamics in "path space model”:

@ observationtime T =n

o timeset 1 ={0,1,2,...,n} (in units)

@ capital growth factor Y; = u; or d;, with 0 < di < € < u;
)

asset price attime t € I: t
Xo=%  X=x]]¥
i=1

random paths w = (X; : t € I)

canonical space of all possible sample paths 2

2-Period-Binomial-Model:

Xt(wp) = wa(t)

xud
.

2. path wy:
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Introduction Quantities Decisions Convergence

Asset price dynamics in "path space model”:

@ observationtime T =n

o timeset 1 ={0,1,2,...,n} (in units)

@ capital growth factor Y; = u; or d;, with 0 < di < € < u;
)

asset price attime t € I: t
Xo=%  X=x]]¥
i=1

random paths w = (X; : t € I)

canonical space of all possible sample paths 2

2-Period-Binomial-Model:

Xt(wg) = w3(t)

3. path w3: xd
.
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Introduction Quantities Decisions Convergence

Asset price dynamics in "path space model”:

@ observationtime T =n

o timeset 1 ={0,1,2,...,n} (in units)

@ capital growth factor Y; = u; or d;, with 0 < di < € < u;
)

asset price attime t € I: t
Xo=%  X=x]]¥
i=1

random paths w = (X; : t € I)

canonical space of all possible sample paths 2

2-Period-Binomial-Model:

Xt(wg) = wa(t)

4. path wy: xd
.

xd?
.
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Introduction

Probabilistic dynamics:

@ two possible models:
(H) QMYi=ul=q'=1-Q"[Y,=d] with ¢*€(0,1)
(A) QUYi=u]l=q¢'=1-Q*Yi=d] with ¢'e(0,1)

@ assumption: g’? A for at least one i € {1,...,n
p q G
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Introduction Quantities Decisions Convergence

Probabilistic dynamics:

@ two possible models:
(H) QMYi=ul=q'=1-Q"[Y,=d] with ¢*€(0,1)
(A) QUYi=u]l=q¢'=1-Q*Yi=d] with ¢'e(0,1)

@ assumption: g’? A for at least one i € {1,...,n
p q G

-

Bayes decisions
A
5 cesp- 12

= udx
ddx
QA
gt VS. o
PrH] = prii®™ = 0.5 PHA] = prf® = 05

- -

Wei Lao Model risk and Bayesian decisions for financial processes 4/18



Introduction Quantities Decisions Convergence

Example 1

@ total amount of money m = 10000Euro

® T = lunit = 3 year

@ savings deposit with annual interest rate r = 0.19%

@ stock with o = 0.1 per year, u = & VT ~ 1.05,d = % ~ 0.95

u

1 11 a2\ T .
cgit=24+22 == — ~ 0.52with = 0.01
H:q 2+20 (cH 2) 1 0.52with ¢4, = 0.013

average growth rate” (per year). optimistic: 1.3%

~ 1

Cy=

1 11 o? T
. A e —_ = — — — = i =
A:q _2+20 <cA 2)\/: 0.49with c4 = 0.001
c4= "average growth rate” (per year). pessimistic: 0.1%
We would either like to invest all the money in the stock (take

the decision d) or all the money in the savings deposit (take the
decision d ) for the next period (3, 3].
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Introduction Quantities Decisions Convergence

Example 1

decision losses (rely on expected wealth for t = 2 unit = % year):

@ savings deposit: m- €>-0019(:—3) — 1000475 Euro
@ stock under model H:
| M _ H _gM).
EQ {xﬁ'xz} = m{q u+(1—-gM d}
= 10000- {0.52- 1.05+ (1 — 0.52) - 0.95} = 10020Euro
@ stock under model A:

=[5

m{qA-u+(17qA)-d}
= 10000- {0.49- 1.05+ (1 — 0.49) - 0.95} = 9990Euro
@ dy = invest all the money in the stock

Ly := L(dy,H) =0 (relatively seen)
La = L(dyn,.A) — 1000475— 9990— 14.75Euro

@ d4= invest all the money in the savings deposit

Ly := L(dg,.A) =0 (relatively seen)
Ly := L(da,H)=10020— 1000475= 1525Euro
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Quantities

Outline

Density, Hellinger integrals and |,-divergences
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Introduction Quantities

af.....ql .

ke L if Xr(w) = XxUug...uUn,
[+ PPrPe [sLs

aft...... G, (1—g)

if XT(w) = XUg...Uy—1 dn7

T oH (=g o if X7(w) =XUg...Up_20n_1U
qft...qlt, (1—qt Hglt’ 7(w) 1 n—20n—1 Un,

A A A A
et Aapty) A=ay) _
ZT(UJ) = qr'-'qﬁz(l*qﬁﬂ (17q;"‘)’ IfXT(uJ) —XU1...Un_2dn_1dn,

1—gA)...(1—gA ;
5172%% if X7 (w) = xdy ... dn

If g’ = g’ and g* = g, then Zy depends only on Xt (and not on the
path to Xr).

A\
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Introduction Quantities Decisions Convergence

Hellinger integral

For o € R:
Ho@U1QY = [{g*)" (g} o = EQ*[(20)"
= (a..o)* (it aphHt
+(af ot (- ag)) - (aft gt (L - gt
+ (gl (gt ) g)” - (At (L — gt gt
+ (O R (- agrty) (L)) - (- g (L —alty) (L— gt e

+ (-0 (=)™ (A-q)...(1-g)+,

where g4 = %

specially chosen reference law ;. = Q™ (n time points).

and g’ = %‘ are the densities with respect to the
|
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Introduction Quantities Decisions Convergence

|.-divergence

Fora € R:
doA
@99 = [t (5], ) o

with the nonnegative functions f,, : [0, 00) — [0, oo) defined by

—logp +p—1, if a=0,
falp) = {  “amwt it a€R\{0,1},
plogp+1—p, if a=1.

For a € R\ {0, 1} that holds

1- Ha (@49

IO&(QA”QH) = 04(1704)
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Decisions

Outline

Bayesian decision procedures and Bayes risk
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Decisions

Example 1 (continuing)

How to plan (now) an optimal decision way/decision rule (in an
Bayesianway)?

AAAAAA dy or da ?

” buyﬁ ” bll}/"’
stock sav. dep.
=~ =~
...... W wr ant
7 down”
L t
0 1 2
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Introduction Quantities Decisions Convergence

Example 1 (continuing)

How to plan (now) an optimal decision way/decision rule (in an
Bayesianway)?

dy or o dy ?

o \ LU e 7
<e® )
z "buy” "buy”
stock sav. dep.
S
AP Fo@ ~ coooos ~ ol

dy or dy 7
" down’

0 1 2

A\

Mean loss

@ decisionrule ¢ :Q — {dy,d4}, d(w) =
@ mean loss:
L(6) = Lx(de)
= Ly Pridg(w) =da, H] + La Pridg(w) = dy, A
= Ly Prlw e GIH] - Pr{H] + L4 Priw € Q\ G| A] - PrlA]
= Ly pr® Q"[G] + Lapr” QY[2)\ G|

v
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Introduction Quantities Decisions Convergence

Example 1 (continuing)

How to plan (now) an optimal decision way/decision rule (in an
Bayesianway)?

dy or o dy ?

\ LU e 7
600‘\‘ ~— \/
= buy buy”
stock sav. dep.
S
2 5 Fo@ ~ coooos ~ ol

dy or dy 7

”down”
0 1 2 ¢
Mean loss
if
@ decision rule §:Q — {dy,da}, 6(w) = do, 1T weG,
dH, if W¢G,
@ mean loss:

L) = £Lx(d)

Ly Pridg(w) = da, H] + L4 Pridg(w) = dy;, A]

Ly Priw € GIH] - P{H] + L4 Priw € Q\ G|A] - PriA]
= Lypf" QMG + Lapr " QA2 \ G — min!
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Decisions

1st decision method

@ optimal decision rule:

dg, if w € Gmin,

dopt(w) = oy, = )
Oy, if w ¢ Ghin,

prior
with "optimal decision set” Gnin := {pathsd €N Zr(w) > %}
A PFa
@ Bayes risk (minimal mean loss):

L(8op) = £(Bea) = -+ = EQ [minfLy priy™, La ™ Zr}]

Wei Lao Model risk and Bayesian decisions for financial processes 13/18



Introduction Quantities Decisions

1st decision method

@ optimal decision rule:

dA» if WEGmin,

dopt(w) = oy, = )
Oy, if w ¢ Ghin,

with "optimal decision set” Gnin := {pathsd €N: Zr(w) > tj—s:z";}
A
@ Bayes risk (minimal mean loss):
L(8op) = £(Bea) = -+ = EQ [minfLy priy™, La ™ Zr}]

Example 1 (continuing)

Grin = {0 € 2: 2, > 3385 ~ 103)

o Zy(w1) = 0.9423 < 1.03 = take decision dy;, i.e. "buy” stock

-+ Zy(ws) =~ 1.0625 > 1.03 = decision d4, i.e. "buy” savings deposit

”down”

0 1/4 /2

t

L(dc,,) = 0.4850Euro (of total investment of 10000 Euro)
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Introduction Quantiti

Decisions Converg

2nd decision method (< 1st method)

@ decision criterium:

If pri®L, < prP®Ly, then decide for d,
If prio¥Ly > pr’?¥Ly, then decide for dy,,

prévier (1—pr®i) z¢
pfggcr+(1fpr§:m) p2 prﬁﬁ"’ﬂlfpr‘;’f’) Zr

are the "overall evidence” probabilities posterior to our abservation between the
times 0 and T.
@ Bayes risk as with 1st decision method

. __ posterior odds ratio of Ato H __
© Bayes factor: By = prior odds ratio of Ato H I

where pri® = privs =
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Introduc Quantities Decisions

2nd decision method (< 1st method)

@ decision criterium:

If pri®L, < prP®Ly, then decide for d,
If prio¥Ly > pr’?¥Ly, then decide for dy,,

provior prpos{ _ (A—pr?i®) 7z
—7-’—prggor+(17pr;;:or) Z A = —H—pr%er{l—pr%"’) Z

are the "overall evidence” probabilities posterior to our abservation between the
times 0 and T.
@ Bayes risk as with 1st decision method

. __ posterior odds ratio of Ato H __
© Bayes factor: By = prior odds ratio of Ato H I

where pri® =

Example 1 (continuing)

TupT et 0.5149, pritt & 0.4851
B oo

. . take decision dy, i.e. "buy” stock
Py Ly = 7.85> priy™ Ly = 7.16

p privt & 0.4848, priy™ & 0.5152

= decision d4, i.e. "buy” savings deposit

sdown”  PrecLag = T.39 < priY™' Ly = 7.60
0 1/4 12 4
L(0c,;,) = 0.4850Euro (of total investment of 10000 Euro)
Wei Lao
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Convergence

Outline

B Some results of convergence
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Introduction Quantities Decisions Convergence

Special homogeneous case (SPH) with n periods

Xy(w)

120

o .

® L observations at times
® 0,I,2I ... .nI =T, with
N fixed approximation
ZZ '===;i§i‘il step n

0o 1 2 3 4 5 6 7 8 9 10
T=10, n=10, X,=20, u=1.2, d=1/1.2

in each knot like in the one-period-model, independently of past/history, with

T T
U = Uy = e“\/ﬁ, G = dg :=¢" \/

1 11 o2\ [T
for A: q, _q(ﬁ)::§+§;<c‘A_?>\/E AAAAAA QA

with volatility & > 0, and "average growth rate” ¢, € Rresp. c4 € R

. . Ho oo X 2
homogeneous binomial models 23? "—=° geom. Brown. motions {7¢"7,)
™ ’

. v
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Introduction Quantities Decisions Convergence

Some Results of Convergence

@ Hellinger integral:

2
HE (Q4)Q™) =% eXp{ <CA — CH) TY (azf 1)} = C,

g
@ |,-divergence:
o acR\{0,1}: 1P(Q4Q") =¥ Lt=Ca

a(l—a)
o a=1: |J(_n) (Q'AHQH) n:o % (E%L)ZT (relative entropy)
o a=0: Ién)(QAHQH) =E % (M)ZT

o

@ minimal mean loss:

L&) = A (1= @p01)(61)) + M - Paro1)(62)

A\/_ In(A¢/Xa) CAVT N /Aa)
with: 62 := A P2 >~ A and
A = %, )‘H o prg_;IOT Ly Mg 1= pr‘[zmr L

(conform with Stummer/Vajda 2005)

@ further investigations (e.g. more general losses......)
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Convergence
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