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Definitions

Ellipticity with parameter(Faierman 2006) Temllis claied] [y Feftme (00)

Norms depending upon a parameter n € C/{0}

@ Let s, m be integers with 1 <s < m, 1 < p < 0o, assume the
boundary 9Q of Q is of class C™ 1! for Q a bounded region

in RY(d = 2,3), u € W5(Q),v € W5 /P(99), define
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Norms depending upon a parameter n € C/{0}

@ Let s, m be integers with 1 <s < m, 1 < p < 0o, assume the
boundary 9Q of Q is of class C™ 1! for Q a bounded region

in RY(d = 2,3), u € W5(Q),v € W5 /P(99), define
Q |[ull

s.0 = lullwsc) + 11"l |o().
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Definitions

Ellipticity with parameter(Faierman 2006) Temllis claied] [y Feftme (00)

Norms depending upon a parameter n € C/{0}

@ Let s, m be integers with 1 <s < m, 1 < p < 0o, assume the
boundary 9Q of Q is of class C™ 1! for Q a bounded region

in RY(d = 2,3), u € W5(Q),v € W5 /P(99), define
O |llullls,p == llullws@ + [0l ™ull (e,
O [l1vllls-1/p0 = 1¥ll s 1150y + 1112/ ooy,
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Definitions

Ellipticity with parameter(Faierman 2006) Temllis claied] [y Feftme (00)

Ellipticity with parameter in the sense of Faierman(2006)

o Let {5}V, {m;}}, {r;}V denote sequences of integers such
that m:=s;+ mjand 0 =m; < my--- < my,
S1 > S 2 SN
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Definitions

Ellipticity with parameter(Faierman 2006) Temllis claied] [y Feftme (00)

Ellipticity with parameter in the sense of Faierman(2006)

o Let {5}V, {m;}}, {r;}V denote sequences of integers such
that m:=s;+ mjand 0 =m; < my--- < my,
S1 > S 2 SN

o Consider the boundary problem for given f = (fy,--- , fn), g

{ A(x, D)u(x) —nu(x) = f(x) in Q,

B;j(x, D) = gj(x) on 02 for j=1,--- ,mN/2,

(1)
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Definitions

Ellipticity with parameter(Faierman 2006) Temllis claied] [y Feftme (00)

Ellipticity with parameter in the sense of Faierman(2006)

o Let {5}V, {m;}}, {r;}V denote sequences of integers such
that m:=s;+ mjand 0 =m; < my--- < my,
S| > Syt 2 SN.
o Consider the boundary problem for given f = (fy,--- , fn), g
{ A(x, D)u(x) —nu(x) = f(x) in Q,

1
B;j(x, D) = gj(x) on 02 for j=1,--- ,mN/2, S

o A(x,D)is an N x N matrix operator whose entries Aj(x, D)
are linear differential operators of order not exceeding s; 4+ my
and defined to be zero if 5; + my < 0;
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Definitions

Ellipticity with parameter(Faierman 2006) Temllis claied] [y Feftme (00)

Ellipticity with parameter in the sense of Faierman(2006)

o Let {5}V, {m;}}, {r;}V denote sequences of integers such
that m:=s;+ mjand 0 =m; < my--- < my,
S1 > S 2 SN

o Consider the boundary problem for given f = (fy,--- , fn), g

(1)

A(x, D)u(x) —nu(x) = f(x) in Q,
B;j(x, D) = gj(x) on 02 for j=1,--- ,mN/2,

o A(x,D)is an N x N matrix operator whose entries Aj(x, D)
are linear differential operators of order not exceeding s; 4+ my
and defined to be zero if 5; + my < 0;

e Bj(x,D)is a1 x N matrix operator whose entries are linear
differential operators defined on 0 of order not exceeding
ri + my and defined to be 0 if r; + m, < 0.
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Definitions

Ellipticity with parameter(Faierman 2006) Temllis claied] [y Feftme (00)

Ellipticity with parameter in the sense of Faierman(2006)

Let us write
Ajk(x, D) = Z al (x)D*
|or| <sj+my
Bi(x,D) =Y bi(x)D
oo <rj+my

Assumption 1 (1) 9 is of class C™*+m~11:(2) for each pair

Jik, @< e ¢ for |a| < s; + my if m; > 0, while if m; =0,
then 2 € L>(Q) for |a| < s;j + my and alk e CO(Q) for

|a| = sj + my; (3) for each pair j, k, bl e Cm=i=11(9Q) for

‘Oz‘ < rj + my.
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Ellipticity with parameter(Faierman 2006) Temllis claied] [y Feftme (00)

Ellipticity with parameter in the sense of Faierman(2006)

Let £ be a cIosed sector in the complex plane with vertex at the
origin, Ajk(x £), jk(x €) denote the principal symbols of
Ajk(x, D), Bjk(x, D) respectively. Then the boundary problem (1)
will be called elliptic with parameter in £ if Assumption 1 holds
and
o det(A(x,£) —nl) #0 for (x,£) € A x R" and n € L if
€]+ Inl # 0.
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Definitions

Ellipticity with parameter(Faierman 2006) Temllis claied] [y Feftme (00)

Ellipticity with parameter in the sense of Faierman(2006)

Let £ be a cIosed sector in the complex plane with vertex at the
origin, Ajk(x £), jk(x €) denote the principal symbols of

Ajk(x, D), Bjk(x, D) respectively. Then the boundary problem (1)
will be called elliptic with parameter in £ if Assumption 1 holds
and

o det(A(x,&) —nl) #0 for (x,£) € A x R" and 5y € L if
€1 + Il # 0.
o for ¢’ € R"~1 5 € L the problem on the half-line

A0,€',Dy)v(t) —nv(t) =0 for t=x,>0,
Bi(0,¢',D,)v(t) =0 at t=0, (2)
v(t)] — 0 as t— o0

has only the trivial solution if || + |n| # 0.
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Definitions

Ellipticity with parameter(Faierman 2006) Temllis claied] [y Feftme (00)

Ellipticity with parameter in the sense of Faierman(2006)

@ The boundary problem on the line
A0,¢',D)vH(t) —npvt(t) =0for t = x, > 0
A0,¢',D,)v=(t) — v (t) =0 for t < 0,

D,’7vj+(t) - D,I,vj*(t) =0att=0forj=1,---,N and

|=0,---,m—1,

lvT(t)] — O0ast—s 00, |v (t)]—0ast— —o0

has only the trivial solution for & € R"~! and n € L if

&'+ Inl # 0.
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Definitions

Ellipticity with parameter(Faierman 2006) Results derived by Faierman (2006)

Existence, uniqueness, the a priori estimates of solutions

Theorem

(Faierman 2006) Suppose (1) is elliptic with parameter in the
sector L. Then there is a ng = no(p) > 0 such that for n € L with
[n| > no, (1) has a unique solution

u=(u1, - ,un) € HJN:1 W,;nﬁm(ﬂ) for any
f=(f-,fn) €T Wp"(Q) and

. mN/2 m—r—1/p ..
g=(81, " ,8mns2) €= Wp (0QQ). The a priori
estimate holds for C > 0 /ndependent of f,g, and n:

mN /2

ZH\ujH\m,+mp§ ¢ Z\Hlemj,er Z gl llm—r,—1/p.p
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Viscous quantum hydrodynamics
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Introduction
Problem

There are several different models simulating the flow of charged
particles. For example, quantum energy transport models, the
quantum drift diffusion model,the quantum hydrodynamic
model(QHD). We study the viscous QHD model which is derived
from the Wigner equation with the Fokker-Planck collision

operator:

61_—.] —div <

O¢n — divd = vgAn,
J®J

> — ToVn+nVV

€ A\/n
+59 (57)
NAV =n—-C(x).

(3)
=1lJ — 1,

T
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Introduction
Problem

@ initial data
(n7 J)(O,X) = (n07J0)(X)7 ng € H3(Q)a Jo € (Hz(Q))d
@ boundary conditions

(n7J7 V)(tvx)‘aﬂ - (nr7Jr7 Vr)a
nr € HY2(09Q), Jr eH3?(8Q), Vi € H32(09Q).

o Compatibility conditions
(no, Jo) laa = (nr, Jr). (4)

(V()Ano + diVJO)|aQ =0. (5)
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Introduction

Problem

@ The unknown functions

e the particle density n,
e the current density J,
e the electrostatic potential V.
@ Physical constants (scaled)
the temperature Ty,
the Planck constant e,
the Debye length A,
viscosity constant vy,
the momentum relaxation time T,

e a given profile of background charges C(x) € L2(Q).
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Main Results and Proofs

Main Results

There is a number T, > 0 such that the problem (3) with given
initial data, boundary conditions and compatibility conditions
above has a unique local solution on [0, T.) with

ne L0, Ty; H3(Q)), J e L0, T, H3(Q)),
den € L2(0, T,; H3(Q)), d:J € 120, T,; HY(Q)),
(n,Vn,J) € C([0, T.) x Q), o:V € (0, T,; HY(Q)),

V e C(0, Tu; H*(Q)).

This solution persists as long as n stays positive and (n,Vn,J) are
bounded in L*°(£2).
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Main Results and Proofs

Main Results

Theorem

The problem (3) on a torus T¢ with a constant doping profile of
background charges C(x) = Co > 0 admits a global solution
(n,J, V) € H5(T9) x H>(T9) x H*(T9) which converges
exponentially to the steady state (Co, 0,0) provided

(no — Co, Jo) € H®(T9) x H5(TY) are sufficiently small and

jnf no(x) >0, (6)

/(no — Co)dX =0. (7)
Q
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Main Results and Proofs

Proof of local existence
Steps

© linearize (3) and analyze the corresponding matrix operator;
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Main Results and Proofs

Proof of local existence
Steps

© linearize (3) and analyze the corresponding matrix operator;

@ solve the relational linear problem and get a global regularity
of the solutions;
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Main Results and Proofs

Proof of local existence
Steps

© linearize (3) and analyze the corresponding matrix operator;
@ solve the relational linear problem and get a global regularity
of the solutions;

© obtain approximated solutions P, of equations for the
perturbation and derive uniform bounds of Py in k in certain
senses by induction and via shrinking the time interval;
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Main Results and Proofs

Proof of local existence
Steps

© linearize (3) and analyze the corresponding matrix operator;
@ solve the relational linear problem and get a global regularity
of the solutions;

© obtain approximated solutions P, of equations for the
perturbation and derive uniform bounds of Py in k in certain
senses by induction and via shrinking the time interval;

@ prove the time interval can not tend to null for kK — oc;
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Main Results and Proofs

Proof of local existence
Steps

© linearize (3) and analyze the corresponding matrix operator;

@ solve the relational linear problem and get a global regularity
of the solutions;

© obtain approximated solutions P, of equations for the
perturbation and derive uniform bounds of Py in k in certain
senses by induction and via shrinking the time interval;

@ prove the time interval can not tend to null for kK — oc;

© study the limits of subsequences;
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Main Results and Proofs

Proof of local existence
Steps

o
o
o

linearize (3) and analyze the corresponding matrix operator;

solve the relational linear problem and get a global regularity
of the solutions;

obtain approximated solutions P, of equations for the
perturbation and derive uniform bounds of Py in k in certain
senses by induction and via shrinking the time interval;

prove the time interval can not tend to null for k — oo;
study the limits of subsequences;

prove Py is a Cauchy sequence in certain sense for sufficiently
small time interval then deduce the identity of two limits of
any two different convergent subsequences.

Qingzhe Liu Solutions to viscous model of quantum hydrodynamics



Main Results and Proofs

Proof of local existence
Step 1:Linearizing

Linearize the system (3) for U := (n, /)7, J 1= (J1,...,Jq)":

9U + AU + <g) o, (8)
-1\ —div

A(0x) =

I

2
~ToV + VA —wplt

G := —div (J © J) +nVV — édiv (Vv/n) @ (V/n)).

n

where Vj solves the Dirichlet problem
{ )\2AV0 = ng(X) — C(X),
Vo(x)|aa = Vr.

(9)



Main Results and Proofs

Proof of local existence
Step 1:Investigation of A(0x)

We shall be concerned with the boundary problem

A0y ) u(x) — nu(x) = (O, L, FI)T inQ,

10
B(x,D)u(x) = (g% gt,---,g¥)T on0Q, (10)
for u = (u°, ut,--- ,u). Consider the equivalent one
A(x, D)u(x) —nu(x) = (f9,--- 1, )T inQ )
B(x, D)u(x) = (gd,"' ,gl,gO)T on 0%,
foru= (v, 091, -, ut, u®). Define
S1 :52:"‘:5d:275d+1 = 1,
m1:m2=---:md:O,md+1:1,
n=n=--=rqy=0ry41 =—-1.
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Main Results and Proofs

Proof of local existence
Step 1:Investigation of A(0x)

A(x, D) is an (d + 1) x (d + 1) matrix operator whose entries
Ajk(x, D) are linear differential operators defined on Q of order not
exceeding s; + my. The (d + 1) x (d + 1) matrix operator B(x, D)

describes the Dirichlet boundary conditions and is defined as

Iy 0O 0

0 Iy - 0
B(X, D) = 9

0 0 Iy

whose entries are linear differential operators defined on 9S2 of
order not exceeding r; + my with r; < m:=s; + m; =2 and
defined to be zero if r; + my < 0. Select a sector L satisfying
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Main Results and Proofs

Proof of local existence
Step 1:Investigation of A(0x)

Lemma

The boundary problem (11) is elliptic with parameter in L in the
sense of M.Faierman(2006) where L is any closed sector in the
complex plane with vertex at the origin such that

LC<nelC, —m+ arctgL < Argn < —arctgL . (12)
219 21

v

Proof,
e? /2 2 1 2
a:zz|£| , b:=n—w|¢| ,E::VO—i—

N

<
4
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Main Results and Proofs

Proof of local existence
Step 1:Investigation of A(0x)

Lemma

The boundary problem (11) is elliptic with parameter in L in the
sense of M.Faierman(2006) where L is any closed sector in the
complex plane with vertex at the origin such that

LC {17 €C, -7+ arctg2 < Argn < —arctg2} (12)
o

Proof
Ié  b:=n—wl¢?

° (|) Check det(A(x, ) —
neL,EcrY

2
€
::V3+Z

1
c
I) # 0 for |n| + |£] # 0 with
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Main Results and Proofs

Proof of local existence
Step 1:Investigation of A(0x)

o (ii) Prove that for ¢ € R9~! and n € £ the boundary problem
on the half-line

A0,&', Dg)v(t) —nv(t) =0 for t=xg>0,
v(t)=0 at t=0, (13)

lv(t)] — 0 as t— o0

has only the trivial solution for & € R9! and n € L if

€] + Inl # 0.
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Main Results and Proofs

Proof of local existence
Step 1:Investigation of A(0x)

Set v(t) := (va(t), va—1(t), ..., vo(t)) then from (13) we obtain a
system of ordinary differential equations with respect to v(t)
4 2

= v = (= wl€ P+ SIEPY,

2 2
€ €
’Zfd—l v — 1oVl = (1 — vol€|*)va_1 + lzﬁd—ﬂf/!zvo,

€2

i;&%-WW=W—WWHH+I§MEW

v — i€a_1va_y - — i€vi = (1 — w0l€'P)vo + o]

(14)
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Main Results and Proofs

Proof of local existence
Step 1:Investigation of A(0x)

d—1
Define y := ijvj-, then (vo, va, y, v§, v§,y')T solves the
j=1
following system of first-order:
y = Ay, (15)
0 0 0 1 0 0
—b 0 —i 0 -1 0
0 0 0 0 0 1
bc 0 ac—1pgbc 0 —iyc
e o L 0 20
Vo 0 o
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Main Results and Proofs

Proof of local existence
Step 1:Investigation of A(0x)

vo(t) solves

2 € (4) 12 €2 12 "
Wtz % + 2Vo("7—’/0|§\)—§|§\ Vo

2 (17)
+ (11 + (-l PR ) vo =0
Case 1: n=0.
€' +Inl #0 = [¢'] # 0
vo(t) = Corelé'lt + Cooteld'lt  Coze™ €1t + Coqte™ €12,
|vo] — 0 for t — o0 and v(0) =0 =
vo(t) = Coate I€IE, (18)
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Main Results and Proofs

Proof of local existence
Step 1:Investigation of A(0x)

1 0 0 0 0

o ¢ 0o 0 0 0

0 0 ! 0 0 0

- €

0 0 0 —|¢| 1 0

0 0 0 0 — €] 0

0 0 0 0 0 —€']
Vg = Cdte_‘gllt, (19)
y = G te €'l (20)

Substituting into the system yields v(t) =0



Main Results and Proofs

Proof of local existence
Step 1:Investigation of A(0x)

Case 2: n # 0.
Vo is a complex linear combination of etit, etet e=Mt g—dat.
vo(t) = core M + cope ™2t + ozt + cpae’?.

A1, A2, —A1, — Ao with ReA; > 0, Re\> > 0 are 4 different
eigenvalues of A, which is similar as

A 0 0 0 0 0
0 X O 0 0 0
0 -\ O 0 0
0 X 0 0
0 O 0 0 —2 0
)
0 O 0 0 0 _ -t
40
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Main Results and Proofs

Proof of local existence
Step 1:Investigation of A(0x)

vo = core M+ cpe N,
Vg = cqre M+ cape Mt 4 cgze Y, (21)
Yy =¢n e Mt 4 cyge_ht + cy3e_’\3t.
Since v(0) = 0 we find
co1 + co2 = 0,
Ca1 + Cd2 + €a3 = 0, (22)

¢y1+ 62 +¢3 =0.

Substituting into the system yields v(t) = 0.
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Main Results and Proofs

Proof of local existence
Step 1:Investigation of A(0x)

e (iii) The boundary problem on the line (/ =0,1)
A0,&', Dg)vT(t) —nvt(t) =0 for t=xg >0,
A0,¢', Dg)v(t) —nv=(t) =0 for t <0,

DCI,VJ-J“(t)—D,{.,vj_(t):O at t=0 for j=4d,---,0,

L [vT(t)) — 0 as t— o0, |[v (t)]—0 as t— —o0
(23)

has only the trivial solution for & € R9! and n € L if

&' + Inl # 0.

O
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Main Results and Proofs

Proof of local existence

Step 2: existence theorem for the linear Problem

The linear problem
owu(t, x) + A0 u(t, x) = F(t,x), (t,x)€[0,T)xQ
u(0,x) =0, (24)
ulpo =0 forae te[0,T].

with F(t,x) := (F°, F9), Fd .= (F',... F9)

FO e [>(0, T; HY(Q)), Fd e 10, T; (L2(Q)));
FO e 10, T; L3(Q)), Fde 10, T; (H1(Q)9);
F°(0,x) € H3(Q), F4(0,x) € L3(Q),
(25)
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Main Results and Proofs

Proof of local existence

Step 2: existence theorem for the linear Problem

has a unique solution u(t, x) := (u°, u?), u? := (u!,--- , u?) with
u® € 1°°(0, T; H3(Q)) n C([0, T], CL(Q)) N C([0, T], H*(Q)),
n C([o, T], H1(Q)),

0, T; HY(Q)) n C([0, T, L2(Q)) N L3(0, T; H3(Q)),

( )
u € (0, T; H*(Q)) n C([0, T], C())
(
(

8tuo S L

L 0:ut € 1%°(0, T; L2(Q)) N C([0, T], L2(R)) N L%(0, T; HY(Q)),
which satisfies the a priori estimates

HUOH%OO(QT;H?’(Q)) + H”dH%oo(o,T;/-P(Q)) <C=C(F,T).
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Main Results and Proofs

Proof of local existence

Step 3: Uniform bounds of Py in a fixed time interval

We study the equations for the perturbation
P := (P° PY) := (n— ng,J — Jo) and construct approximate
solutions Py := (P2, Pg) for P? := nx — no, P := Jx —Jo (k > 1):

0t Py + A(@X)Pk = Fr_1,
Pk(O,X) = 0? (26)
Pe(t,x) =0, ondQforae. 0<t<T,
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Main Results and Proofs

Proof of local existence

Step 3: Uniform bounds of Py in a fixed time interval

0 no
() (7)o

((PE 4+ o) & (PE_y + Jo) 0
Si_1 :=div —(P;,_{ +ng)VVi_
k—1 ( P2_1+n0 (kl 0) k-1

+ 2div ((v%) ® (v\/m» :

/\2A\/k,1 = 'Dl?—l + ng — C(X)7 kal(t,X)‘aQ = Vr(X).
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Main Results and Proofs

Proof of local existence

Step 3: Uniform bounds of Py in a fixed time interval

Let k > 0 and Py = 0, there exist t' >0, C; > 0, C* > 0 and
C’ > 0 independent of k such that in the interval [0, t'] Py satisfies

P € 1>(0,¢'; H3(Q)) N C([0, '], C1(Q)) N C([0, t'], H*(Q)),
) N C([0, '], C(Q)) N C([0, '], H(Q)),

(
PR e 1>(0,t; H*(Q)
P € L>(0,t'; HY(Q)) N C([0, t'], L2(Q)) N L3(0, t'; H*(Q)),
(

[ 0:PY € 1°°(0, '; L2(Q)) N C([0, '], L2(Q)) N L2(0, t'; HY(Q)),
(27)
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Main Results and Proofs

Proof of local existence
Step 3: Uniform bounds of Py in a fixed time interval

( ||P19||L°°(07f’:H3(Q)) < ”Pg||Loo(o,t/;H2(Q)) <,
”P/9||L°°(07t’:H2(Q)) <, HPI?HLOO(O,t’;Hl(Q)) < (7,
1PRll = (0.:h12(0)) < Co 1Pl L (0,012(0)) < Cos (28)
1PR[l oo 0,112y < Cos 1P| Lo (0,1, 12(0)) < Cos

||'E.)’?HLz(O () < Co, ||Pg||L2(o,t/;H1(Q)) < Co,

inf mf(Pk + ng) > do,
[0 tl] XE

sup max ([ V(PR + 1)) 192 + ol 1P+ e
t/

<t
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Main Results and Proofs

Proof of local existence

Step 3: Uniform bounds of Py in a fixed time interval

Use mathematical induction to complete the proof.
e k=0, Ph=0;
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Main Results and Proofs

Proof of local existence
Step 3: Uniform bounds of Py in a fixed time interval

Use mathematical induction to complete the proof.
e k=0, Ph=0;

@ there exists a time interval [0, t*] such that suppose Px_1

satisfies the assumptions above on [0, t*], then P satisfies
(27) and (28);
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Main Results and Proofs

Proof of local existence

Step 3: Uniform bounds of Py in a fixed time interval

Use mathematical induction to complete the proof.
e k=0, Ph=0;

@ there exists a time interval [0, t*] such that suppose Px_1
satisfies the assumptions above on [0, t*], then P satisfies

(27) and (28);
@ shrink [0, t*] into [0, tx] such that Py satisfies (27), (28) and
(29) on [07 tk];
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Main Results and Proofs

Proof of local existence

Step 3: Uniform bounds of Py in a fixed time interval

Use mathematical induction to complete the proof.

e k=0, Ph=0;

@ there exists a time interval [0, t*] such that suppose Px_1
satisfies the assumptions above on [0, t*], then P satisfies
(27) and (28);

@ shrink [0, t*] into [0, tx] such that Py satisfies (27), (28) and
(29) on [0, ty];

@ [0, tx] can not tend to zero from Sobolev imbedding theorem
and interpolation inequalities.
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Main Results and Proofs

Proof of local existence

Step 3: Uniform bounds of Py in a fixed time interval

There exists a subsequence of (Py) for 6 >0

PY — P in C([0, ], H*7%(Q)); P} — P9 in C([0, '], H*°(Q)).
(P2, VP, PE) — (PO, VPO, PY) in C([0,t] x Q),

pY — PO in L2(0,t'; H3(Q)),P?  — P9in L2(0,t'; H}(Q)),
P —* P% in L2(0,1; H3(Q)),P§ —* PYin L=(0,t; H*(Q)).
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Main Results and Proofs

Proof of local existence
Step 3: Cauchy sequence

PRy — PI?”%OO(O,t’;Hl(Q)) + 1Py — PI?H%OO(O,t’;LQ(Q))
< t'(11P§ = PRl o0y + 1P = Pi-alB o ez )

For small 0 < T, < t/, the total sequence (Px) converges to P* on
[0, T..] in L°(0, To; HY(Q)) x L>=(0, Ty; L?(R)), which implies

P = P*.
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