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Über die Vermutung von Birch und
Swinnerton-Dyer

Jingwei Zhao
jingwei.zhao@math.uni-karlsruhe.de

Fakultät für Mathematik
Institut für Algebra und Geometrie

Universität Karlsruhe

13. Dezember 2008
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s�Birch�Swinnerton-Dyer�ó

�ýClaypf�v@�2000t5�£���*“CCC§§§tttpppfff¾¾¾
���”,ùÏ*î�¬O�~���.

BSD�ó:�*¬Oî�K�, ^�pº-��¹, /s�¹�
�tp�	�pã�î�.

Hilbert,Aî�/
ïã�: 
X(�,¹Õen�û��*"
jþ¹�/&	�*tpã.

Sã/�*???����������¹ö, Birch�Swinnerton-Dyer�ó¤:,
	�¹�¤�'���*øs�L-ýp (s = 1DÑ�b�	
s������� L(1) = 0, £££HHHXXX(((àààPPP���***			���ããã; øøøÍÍÍ, ���êêêXXX(((
			PPP���***.
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Jingwei Zhao Über die Vermutung von Birch und Swinnerton-Dyer GCMA 2008



Vorwort Elliptische Kurven BSD Formale Gruppen Elliptische Einheiten Klassenkörpertheorie Beweissskizze

BSD�ó�Á�Åµ

1977 Coates, Wiles: Á��BSD�ó({{{ppp:::1�Z�!pß

�-�ò¿	
X�Åµ�è��Ë.

1978 Arthaud: �CW�Á�¨�0pßK�{{{ppphKûûû����

Åb.
1986 Gross, Zagier: �a!!!---���òòò¿¿¿å( s = 1 �	�*6:

1�ö¹, £H�1	�*àw6�	�¹.
1989 Kolyvagin: Á�úBSD�óù!-�ò¿�L-ýp(

s = 1��6: 0� 1 ö�Ë.
1995 Taylor, Wiles: Á��Q
�I�J3�-�ò¿ý/!ò¿.
1996  ä�_: )('''ÉÉÉûûûßßß�CW�Á�¨�0-�ò¿

¡¡¡			


XXX�Åb.
2000 TaylorIº: Á��Q
�I�-�ò¿ý/!ò¿.

BSD�óïå¨�0ûU�*tttSSSßßß(sQ�ýpßFq(t)�	P
i )
�?���, Artin, Tate, Kato, TrihanIºùdý	��
��v.
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��åÆ

-�ò¿��I�'(

-�ò¿�
X�º

pß�Ïy�h: “Größencharakter”

-�ò¿�L-ýp
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-�ò¿��I

---���òòò¿¿¿�Íe��-�ýp, -�ýp1-�ï�§�.

¾K:û��*ß.

�I: E/�*�<:1�c��qò¿, O:åò¿
�¹. 	
�ù(E ,O)ë\�a-�ò¿. åE:�I(K
��aò¿, v
�O ∈ E (K ), £H�ìð(E ,O)/�I(K
�.
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-�ò¿�Weierstrass¹�

-�ò¿/�*Weierstrass¹�(P2(K )-hèã�Æ�:

E : Y 2Z + a1XYZ + a3YZ 2 = X 3 + a2X
2Z + a4XZ 2 + a6Z

3,

a1, ..., a6 ∈ K , O = [0 : 1 : 0]:E�ú¹.

ï(^P!P��b�h:-�ò¿�Weierstrass¹�:

E : y2 + a1xy + a3y = x3 + a2x
2 + a4x + a6. (1)

dö, -�ò¿1/¹�(1)(�qsbA2(K )
�hhhèèèããã� 

�*àààwwwÜÜÜ¹¹¹OÄ��Æ�.

Schar(K ) 6= 2, 3ö, �8Ç(å���b��¹�:

E : y2 = x3 + ax + b, a, b ∈ K .ÙÌ	4a3 + 27b2 6= 0.

-�ò¿�$+� ∆ := −16(4a3 + 27b2)
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-�ò¿�'(

ú,�'(: E/�*???������¤¤¤���, ¤� Õ�Ö�Cý/ãp �

�IÐ�⊕: (a) P ⊕ O = P ∀P ∈ E (K )
(b) P ⊕ Q = Q ⊕ P ∀P,Q ∈ E (K )
(c) ∀P ∈ E (K ) ∃(	P) ∈ E (K ) : P ⊕ (	P) = O
(d) (P ⊕ Q)⊕ R = P ⊕ (Q ⊕ R) ∀P,Q,R ∈ E (K )

Ð�⊕1O///���³³³���, vï¤b'_Î-ê¨¨üú.

E : y2 = x3 + ax2 + b (char(K ) 6= 2, 3)

ÞÆ: -�ò¿�$$$+++��� ∆ := −16(4a3 + 27b2)

-�ò¿�j-
ØÏ j := −1728(4a)3/∆

j-
ØÏ///���³��-�ò¿(K
�������{{{
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�I(
ßC
�-�ò¿

¾ E/C : y2 = 4x3 − g2x − g3 :�a-�ò¿.

E/C:�*


NNN¤¤¤, �Íy��w	¤Ó��
Ab.

X(<L ⊂ CåÊ
N¤Kô�ããã��������� ξ : C/L ∼→E (C)

z + L 7−→

{
(℘(z), ℘′(z), 1) falls z /∈ L
(0, 1, 0) falls z ∈ L .

ÙÌ℘:<L�Weierstrass ℘-ýp:

℘(z , L) =
1

z2
+

∑
ω∈L,ω 6=0

(
1

(z − ω)2
− 1

ω2

)
.
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�I(
ßC
�-�ò¿

�,�	å�������ùùù���sû:

{C
�-�ò¿}/C-��
1 : 1←→ {C-<Λ}/C×.

¾E/Cù�<L. X(å�������sssûûû:

EndC(E )
∼−→ {α ∈ C : αL ⊂ L}.

ùû�á³char(K ) = 0�ßK;	:

EndK (E ) ∼= Z �� EndK (E ) ∼=�*ZZZ���!!!ßßß�OrdnungO.

(,�ÍÅµ��ì,�ìðE/K	
XO�
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Mordell-Weil��

ù��I(ãppßK (ïåLe
ßC)�-�ò¿E
�K -	
�¹, �ì	

Mordell-Weil��: òåpßKåÊ�Iv
�-�ò¿E/K�

@	K -	�¹���*¤(Mordell-Weil
¤),v�å¤á³å�'(:

E (K ) ∼= Etors(K )×Zr .

�ìð r:E (K )�ééé�
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X�-�ò¿ù��Ïy��

¾K:�*ãppß.
ãppß: 	�ßQ�			PPPiiißßß

ù�K��*K<P, KP:KùdK<����������.
 KP:�*@èß, v�á³:

KP = p-Û6ßQp�	Piß, åP:	PK<;
= R��C,åP:àPK<.

pß
�Adel¯�Idel¤�+�I:�*PPP666ïïï:

tSßAdel¯: AK :=
∏

P KP

tSßIdel¤: A×K :=
∏

P K×
P
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X�-�ò¿ù��Ïy��

pßK
�ÏÏÏyyy������(Größencharakter)s:�*w	Ð'(�
Þí��� �χ: A×K −→ C×.

¾K:�Z�!ß, E/K:�	
X�-�ò¿.

 ïå)(7q0�×Q�ÎúË�
X�;�� (Hauptsatz
der komplexen Multiplikation)� ú�*Ïy��ψK .

Ïy��ψK;�ï(e� �*Hecke-L-ýpL(ψK , s).
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pº-�ÍL-ýp

�W
�L-ýp ÎÎÎüüüZetaýýýppp: ζ(s) =
∑∞

n=1
1
ns

pºÌv��L-ýp Dirichtlet L-ýýýppp
Dedekind Zeta-������
Hecke L-������
Artin L-������

...

...
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-�ò¿�L-ýp

¾K:�*pß, E/K�a-�ò¿.

E\:?���, ïù��*Hasse-Weil-Zeta-ýýýppp L(E/K , s):

L(E/K , s) :=
∏
P

LP(E/K , q−s
P )−1, Re(s) >

3

2
.

ÙÌLP(E/K ,T ):ù�Ï* �óP (sK�	PK<)�@@@
èèèL-ýýýppp, 1ò¿(P�¦¦¦���   ����'(³��

SE	
Xö, �ìØ	ù�Ïy��ψK�L-ýp:

L(ψK , s) =
∏
P

(1− ψK (P)q−s
P )−1.
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-�ò¿�L-ýp

Hasse-Weil-Zeta-ýpL(E/K , s)�ψF�Hecke-L-ýpL(ψK , s)�'
(�ø�Kô�sû:

Hecke: L(ψK , s)ïåã��Ó0hè
ßC


Deuring: L(E/K , s) = L(ψK , s) · L(ψK , s)

 L(E/K , s)¦ïã��Ó0hè
ßC
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Birch�Swinnerton-Dyer�ó

Mordell-Weil��: E (K ) ∼= Etors(K )×Zr .
r:E (K )�ééé�

BSD�ó: G¾E�Hasse-Weil-Zeta-ýp L(E/K , s)ï
�Ó�C
�ã�ýp,£HL(E/K , s)(s = 1
�ö¹�6p}:E (K )�é r�

Jingwei Zhao Über die Vermutung von Birch und Swinnerton-Dyer GCMA 2008



Vorwort Elliptische Kurven BSD Formale Gruppen Elliptische Einheiten Klassenkörpertheorie Beweissskizze

Coates-Wiles��

Coates-Wiles��: ¾K:�*{p(sK��ó{¤�C *p)
:1�Z�!ß, E/K:�a	
XOK�-�

ò¿. £HSE�ér ≥ 1ö, E�Hasse-Weil-
ZetaýpL(E/K , s)(s = 1�Ö<:0.

Á�-;�(0�pfåw: b�¤�b�!, Lubin-Tate�º
-�UMC

tS{ßº
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b�¤�º

“¡	wS¤C �¤�Ð�Õ�”

�*ãp¤ïåM�*b�¤, �Ç�våb�¤�e�vãp
¤�'(

b�¤�º��(: -�ò¿�º

ãppß-�@@@èèè{{{ßßßººº(�ù@èß�)
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(�ô)b�¤

¾O:�*+1C �¤b¯�

���III: �*O
��ôb�¤F1/�*á³å�'(�b�B
§pF(X ,Y ) ∈ O[[X ,Y ]]:

(i) F(X ,Y ) ≡ X + Y mod deg 2

(ii) F(X ,F(Y ,Z )) = F(F(X ,Y ),Z ). ÓÓÓ������

��Ø	å�'((iii)�Ë,�ðF:�*ï¤b�b�¤:

(iii) F(X ,Y ) = F(Y ,X ). ¤¤¤bbb���

�: (i)  Õb�¤ Ga(X ,Y ) = X + Y .
(ii)XÕb�¤ Gm(X ,Y ) = X + Y + XY .

�ì�¯O
b�¤F , G��� ���� ��I:á³Ð�
'(�BBB§§§pppf (X ) ∈ O[[X ]].
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(�ô)b�!

���III: �*�ôb�O!1/O
�*b�¤F��*¯��:

O −→ EndO(F), α 7−→ [α]F (X ),

v�å���á³aö

[α]F (X ) ≡ αX mod deg 2.

ãppº-Í��b�!: ù�K<¯O-Ð� C π�
Lubin-Tate-bbb���O-!!!

· @	ùπ�Lubin-Tateb�O-!ý��

· y+0, �ì	ùπ�y�Lubin-Tateb�O-!

�(: -�ò¿�º, �CWùBSD�ó�Á�; @è{ßº.

Î�*b�!úÑïå� �*n�!.
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-�ò¿�b�¤, b�!

�I(Fß�y�
:2�àöàP¯O
�-�ò¿E/Oïå
ù��*b�¤ Ê : )(ÂpØb

(x , y) 7−→ −2x

y
.

y+�, ùÐ�w	y�'(�-�ò¿E , vù�� Êïå�:
�*ù� C ψK (P)�Lubin-Tate!�
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-�UMC

e��
X�º

:-�!ýp(y�¹��Ö<

-�UMC��Z�!ß
	P?��iß�ãptp¯UM¤

��*P¤

'Ï�((CWùBSD�ó�Á�-
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-�UMC�� 

¾K:�*Z�!ß.¾L = Zω1 +Zω2 :C-�*<, E/K:ù
�<Lv�			


XXX��-�ò¿�

�I<L�Thetaýp:

θ(z ,L) := ∆(L)e−6η(z,L)zσ(z ,L)12.

v- σ(z ,L) = z
∏′

ω∈L
(
1− z

ω

)
e

z
ω

+ 1
2
( z

ω
)2 Weierstrass σ-ýp

∆(L) = g3
2 (L)− 27g2

3 (L) L�$+�ýp

)(Thetaýp� ýpΘ(z ,A,N ); A:��óÆ, N:���
Æ.

-�UMC¤Cn:Θ(z ,A,N )(<L�,��r¹�Ö<KÆ�.
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{ßº

:ãppº��*�/.

;���:pß�?��iß�Artin���ÍÍÍ���.

Hilbert Furtwängler Weber Ø(�» Artin
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{ßº

{ßº�ÑUÅµ:

· 1898 Hilbert{ßº, ùGauss���!!!���NNNÍÍÍ����ê6¨�.
HilbertÐú�ó: ùû�pßK X(�*?��ißH��

(1) =WN¤G (H/K )��ó{¤ClK��
(2) H/K
�g (ù@	 �ó)

(3) p�ï'¦fp}:p(ClK-�iY{!p
(4) K��ó0HÌG:;�ó

· 1907 FurtwänglerÁ�úM	a

· 1908 Weber�e�I�ó{¤,\ú�,�{ßº��ó

· 1920 Ø(�»Á���,{ß�X(

· 1927 Artin'S
���{ßº

· 1930 FurtwänglerÁ�ú,Ûa
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tS{ßº

tS{ßº�;��: ¾K:û�pß�£H@				PPP???������iii
ßßßL/K�K����¤¤¤(Strahlgruppe)��ù��

x� � rL/K : G (L/K )
∼−→ CK/NL/KCL.

X(�*ááá�� �”���pppiiiYYY&&&÷÷÷”:

[ , L/K ] : A×K −→ G (L/K ).
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CWùBSD�ó�'SÁ�e¤

Coates-Wiles��: ¾K:�*{p(sK��ó{¤�C *p)
:1�Z�!ß, E/K:�a	
XOK�-�

ò¿. £HSE�ér ≥ 1ö, E�Hasse-Weil-
ZetaýpL(E/K , s)(s = 1�Ö<:0.
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Ö�*á³ÐÙ�'((*)� pp,
�I�*1-�ò¿E/K³��, åk(k = 0, . . . , p − 1):Âp�Ïλk .

°G0:ißK (Eπ)/K�=WN¤. ùÏ�*^�tpn, )(-�UM
C ¤Cn� �*¤ãpZp[G0]�!Mn,

�Mnx��ã:�*P!�ô�: M =
⊕p−1

k=0 M
(k)
n .

)(b�!�Lubin-Tate�ºÁ�λkï«K-Ï�*p
� �ópt
d.

Á�I÷sû: (a) λkï«K (Eπ)-@	p
� �óqtd.

(b) ∃n ∈ N0,�� 1 ≤ k ≤ p − 2 ý	M
(k)
n 6= 1�Ë.

Á�X(n ∈ N0��M
(1)
n 6= 1  λ1 =^ö8p·LK (ψK , 1) ≡ 0 mod q.

)(ČebotarevÆ¦��Á�X(àw�*&�'((*)� pp
 λ1ï«K (Eπ)-àw�* �óqtd  LK (ψK , 1) = 0.

��)(DeuringXï�¨ú:

L(E/K , 1) = LK (ψK , 1) · LK (ψK , 1) ·	P�*EulerXï = 0 ç
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How to get rich?
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